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TERMINAL QUOTIENT SINGULARITIES IN 
DIMENSION THREE VIA VARIATION OF GIT 


SEUNG-JO JUNG 

Abstract. A 3-fold terminal quotient singularity X = /G ad¬ 
mits the economic resolution Y —>■ X, which is “close to being 
crepant”. This paper proves that the economic resolution Y is iso¬ 
morphic to a distinguished component of a moduli space of certain 
G-equivariant objects using the King stability condition 9 intro¬ 
duced by Kqdzierski [11]. 
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1. Introduction 

The motivation of this work stems from the philosophy of the McKay 
correspondence, which says that if a hnite group G acts on a variety M, 
then a crepant resolution of the quotient M/G can be realised as a 
moduli space of G-equivariant objects on M. 

2010 Mathematics Subject Classification. 14E15, 14E16, 14L24. 

Key words and phrases, the McKay correspondence, terminal quotient singular¬ 
ities, economic resolutions. 


1 



2 


S.-J. JUNG 


Let G C GL„(C) be a finite group. A G-equivariant coherent sheaf 
on C” is called a G-constellation if is isomorphic to the regular 

representation C[G] of G as a C[G]-module. In particular, the structure 
sheaf of a G-invariant subscheme Z C with H°(G^) isomorphic to 
C[G], which is called a G-cluster, is a G-constellation. Define the GIT 
stability parameter space 

0 = {0 G Homz(i?(G), Q) I e (C[G]) = O}, 

where R{G) is the representation ring of G. For 6^ G 0, we say that 
a G-constellation T is 6*-(semi)stable if 9{Q) > 0 > 0) for every 

nonzero proper subsheaf ^ of A parameter 9 is called generic if 
every 0-semistable G-constellation is 0-stable. 

Let Aid be the moduli space of 0-semistable G-constellations. In 
the celebrated paper [1], Bridgeland, King and Reid proved that for a 
finite subgroup G of SL 3 (C), Aie is a crepant resolution of C^/G if 0 is 
generic. Graw and Ishii [2] showed that in the case of a finite abelian 
group G C SL 3 (C), any projective crepant resolution can be realised 
as Aid for a suitable GIT parameter 0. 

While the moduli space Aid need not be irreducible [4] in general, 
Graw, Maclagan and Thomas [3] showed that for generic 0, Aid has 
a unique irreducible component Yd containing the torus (C^)"'/G if G 
is abelian. The component Yd is birational to C^'/G and is called the 
birational component^ of Aid- 

On the other hand, in the case of G C GL 3 (C) giving a terminal 
quotient singularity X = C^/G in dimension 3, X has the economic 
resolution 0: K —)■ X satisfying 

Ky = if*{Kx) + '-E, 

l<i<r 

with Ei^s prime exceptional divisors. K^dzierski [11] proved that Y is 
isomorphic to the normalization of Yd for some 0. The main theorem 
of this paper is that the economic resolution Y of X can be interpreted 
as a component of a moduli space of G-constellations as follows. 

Theorem 1.1 (Theorem 4.19). The economic resolution Y of a 3-fold 
terminal quotient singularity X = C^/G is isomorphic to the birational 
component Yq of the moduli space Aid of 9-stable G-constellations for 
a suitable parameter 9. 

To prove the theorem, first we generalize Nakamura’s result [16]. Let 
G C GL„(C) be a finite diagonal group. Nakamura [16] introduced a 
G-graph which is a C-basis of Oz for a torus invariant G-cluster Z. 
Using G-graphs, he described a local chart of G-Hilb. In this paper, we 
introduce a G-prebrick which is a C-basis of H°(X) = C[G] for a torus 
invariant G-constellation E. 

^This component is also called the coherent component. 
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For a G-prebrick F, by King [12], we have an affine scheme -D(F) 
parametrising G-constellations whose basis is F. The affine scheme 
11(F) is not necessarily irreducible, but -D(F) has a distinguished com¬ 
ponent G(F) containing the torus T = (C^)"'/G. In addition, we can 
show that K(F) = SpecC[S'(F)] for a semigroup >S'(F). If the toric affine 
variety K(F) has a torus hxed point, then F is called a G-brick. We 
can prove that Ye is covered by 17(F)’s for suitable G-bricks F. 

On the other hand, from [14,17], we know that a 3-fold quotient 
singularity X = C^/G has terminal singularities if and only if the 
group G is of type ^(1, a,r — a) with r coprime to a, i.e. 

G = (diag(e, e“, e’’-") I e’’ = 1). 

In this case, the quotient variety X = C^/G is not Gorenstein. While 
X does not admit a crepant resolution, X has the economic resolution 
(j)\ Y —)■ X obtained by a toric method called weighted blowups (or 
Kawamata blowups). For each step of the weighted blowups, we define 
three round down functions, which are maps between monomial lattices. 

As Y is toric, Y is determined by its associated toric fan S with the 
lattice M of G-invariant monomials. From toric geometry, note that Y 
is covered by torus invariant affine open subsets TA = SpecC[(T'^ fl M] 
for a G Smax where S^ax denotes the set of maximal cones in S. 

Using the round down functions, we hnd a set © of G-bricks such 
that there exists a bijective map S^ax —t & sending a to Fg. with 
U(T„) = Uo-. We show that there exists a parameter 6* G 0 such that 
17(Fo-)’s cover Yg for Fo- G ©. This proves that the economic resolution 
Y is isomorphic to the birational component Yg of Aig. 

Moreover, we further prove 71(F) = for F G ©. So the irreducible 
component Yg is actually a connected component. We conjecture that 
the moduli space Aig is irreducible, which implies Y = Aig. 

Layout of this article. In Section 2, we dehne G-(pre)bricks and 
describe the birational component Yg using G-bricks. Section 3 explains 
how to obtain the economic resolutions using toric methods and dehnes 
round down functions. In Section 4, we explain how to hnd G-bricks 
and a parameter 6 E Q such that the economic resolution is isomorphic 
to the birational component Yg. In Section 5 we describe Kedzierski’s 
GIT chamber using the Ar-i root system. In Section 6, we calculate 
G-bricks and Kedzierski’s GIT chamber for the group of type A(i^ 7^ 5 ). 

Acknowledgement. This article is part of my PhD thesis in the Uni¬ 
versity of Warwick [8]. I am very grateful to my advisor Miles Reid 
for sharing his views on this subject and many ideas. I would like to 
thank Diane Maclagan, Alastair Graw, Hiraku Nakajima, and Timothy 
Logvinenko for valuable conversations. I thank Andrew Ghan and Tom 
Ducat for their comments on earlier drafts. 
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2. G-bricks and moduli spaces of G-constellations 

In this section we define a G-prebrick which is a generalized version 
of Nakamura’s G-graph from [16]. By using G-prebricks, we describe 
local charts of moduli spaces of G-constellations. 

In this section, we restrict ourselves to the case where G is a finite 
cyclic subgroup of GL 3 (C). It is possible to generalize part of the 
argument to include general finite small abelian groups in GL„(C) for 
any dimension n. However we prefer to focus on this case where we 
can avoid the difficulty of notation. 

2.1. Moduli spaces of G-constellations. In this section, we review 
the construction of moduli spaces Aie of 6*-stable G-constellations as 
described in [2,12]. 

Define the group G = (diag(e"b e"^, e“®) | e*” = 1) C GL 3 (C). We call 
G the group of type ^(oi, 0 : 2 , We can identify the set of irreducible 
representations of G with the character group G^ := Hom(G, C^) of G. 
Note that the regular representation C[G] is isomorphic to 0pgG'v Cp. 

Definition 2.1. A G-constellation on is a G-equivariant coher¬ 
ent sheaf T on with isomorphic to the regular representa¬ 

tion C[G] of G as a C[G]-module. 

The representation ring i?(G) of G is 0pgG-v Z, ■ p. Define the GIT 
stability parameter space 

0 = e Homz(i?(G), Q) I e (C[G]) = O}. 

Definition 2.2. For a stability parameter 6 E Q, we say that: 

(i) a G-constellation A is 9-semistable \{9{Q) > 0 for every proper 
submodule Q d T. 

(ii) a G-constellation A is 6-stable if 6{Q) > 0 for every nonzero 
proper submodule Q d T. 

(hi) 9 is generic if every 0-semistable object is 0-stable. 

It is known [4] that the language of G-constellations is the same as the 
language of the McKay quiver representations. Thus by King [12], the 
moduli spaces of G-constellations can be constructed using Geometric 
Invariant Theory (GIT). 

Let Rep G be the affine scheme whose coordinate ring is 
C[RepG] = C[xi,yi,Zi \ i E G^]//g 
where Iq is the ideal generated by the following quadrics: 

yi^i-\-a2 ^iyi-\-as' 


(2.3) 
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Let (5 = (1,..., 1) G Z>Q. The group GL((5) ;= riieG^ ~ (C^)’’ acts 
on RepG via change of basis. For a parameter 9 E Q, dehne the GIT 
quotient with respect to 6 

Rep G Hq GL((5) := Rep^" G/ GL((5) 

parametrising closed GL((5)-orbits in Rep^^ G where Rep^^ G denotes 
the 0-semistable locus in Rep G. 

Theorem 2.4 (King [12]). Let us define Aie := Rep GGL((5). 

(i) The quasiprojective scheme Aie is a coarse moduli space of 
6-semistable G-constellations up to S-equivalence. 

(ii) If 9 is generic, the scheme Aie is a fine moduli space of 9-stable 
G-constellations. 

(hi) The scheme Aie is projective over Aio = SpecC[RepG]‘^'"*^'^^. 

Birational component Ye of the moduli space Aie- Let Aie de¬ 
note the moduli space of 0-semistable G-constellations. Note that the 
moduli space Aie need not be irreducible [4], 

Note that for every parameter 0, there exists a natural embedding 
of the torus T := (C^)^/G into Aie. Indeed, for a G-orbit Z in the 
algebraic torus T := (C^)^ C C^, since Z is a free G-orbit, Oz has 
no nonzero proper submodules. Thus Oz is a 0-stable G-constellation. 
Hence it follows that the torus T := (C^)^/G is the hne moduli space of 
0-stable G-constellations supported on T because any G-constellation 
supporting on a free G-orbit Z is isomorphic to Oz. 

Theorem 2.5 (Graw, Maclagan and Thomas [3]). Let 9 E Q be generic. 
Then Aie has a unique irreducible component Ye that contains the torus 
T := (C^)"/G. Moreover Ye satisfies the following properties: 

Ye -G Aie 
CVG -A Aio 

(i) Ye is a not-necessarily-normal toric variety which is birational 
to the quotient variety C^/G. 

(ii) Ye is projective over the quotient variety C^/G. 

Definition 2.6. The unique irreducible component Ye in Theorem 2.5 
is called the birational component oi Aie- 

Since Graw, Maclagan and Thomas [3] constructed Ye as GIT quo¬ 
tient of a reduced affine scheme, it follows that Ye is reduced. 

Remark 2.7. Since T = (C^)^ acts on C^, the algebraic torus T acts 
on the moduli space Aie naturally. Fixed points of the T-action play 
a crucial role in the study of the moduli space Aie- 0 
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2.2. G-prebricks and local charts of Mg. Let G C GL 3 (C) be the 
finite group of type ^(ai, a 2 , 0 : 3 ). Define the lattice 

L = + Z ■ —(oi, 02, 03 ), 

r 

which is an overlattice of L = of finite index. Let {ci, 62 , 63 } be the 
standard basis of Z^. Set M = Honiz(L, Z) and M = Honiz(L, Z). The 
two dual lattices M and M can be identified with Laurent monomials 
and G-invariant Laurent monomials, respectively. The embedding of G 
into the torus (C^)^ C GL 3 (C) induces a surjective homomorphism 

wt: M —)■ G'^ 

whose kernel is M. Note that there are two isomorphisms of abelian 
groups Ljl? G and M/M —)■ G^. 

Let M>o denote genuine monomials in M, i.e. 

e M I mi, m 2 , m 3 > 0}. 

For a set A C C[a;^, 2 ;^], let (A) denote the C[a;, y, ; 2 ]-submodule of 

C[a;^, 2 ;^] generated by A. 

Let (T+ be the cone in Lr := L 0 ^ M generated by 61 , 62 , 63 . Note 
that the corresponding affine toric variety = SpecC[(T/ fl M] is 
isomorphic to the quotient variety C^/G = Spec C[a;, ?/, 

Definition 2.8. A G-prebrick T is a subset of Laurent monomials in 
C[a;^, 2 :^] satisfying: 

(i) the monomial 1 is in T. 

(ii) for each weight p G G^, there exists a unique Laurent mono¬ 
mial nip G T of weight p, i.e. wt: T ^ G'^ is bijective. 

(iii) if n' ■ n ■ nip G T for nip G T and n, n' G M>o, then n ■ nip G T. 

(iv) the set T is connected in the sense that for any element nip, 
there is a (fractional) path in T from nip to 1 whose steps 
consist of multiplying or dividing by one of x, y, z. 

For a Laurent monomial m G M, let wtr(ni) denote the unique 
element nip in F of the same weight as m. 

Remark 2.9. Nakamura’s G-graph F in [16] is a G-prebrick because 
if a monomial n' ■ n is in F for two monomials n, n' G M>o, then n is 
in F. The main difference between G-graphs and G-prebricks is that 
elements of G-prebricks are allowed to be Laurent monomials, not just 
genuine monomials. 0 


Example 2.10. Let G be the group of type |(1,3,4). Then 


Fi = 
F2 = 


hy,y ,z, f, 7 , ^ i, 


1 2 y^ 
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are G-prebricks. For Fi, we have wtri(T) = | and wtri(l/^) = ^- 0 


For a G-prebrick F = {nip}, as an analogue of [16], define *S'(F) to 

_ 

be the subsemigroup of M generated by- 7 - - —- for all n G M>o, 

wtr(n-mp) 

nip G F. Dehne a cone (t(F) in L® = as follows: 
a(F) = ^(F)^ 


— |u G L]r 
Observe that: 



n ■ nin 


wtr(n ■ nip 


(i) (M>onM) C5(F), 

(ii) a(F) C a+, 

(hi) ^(F) C (cT(F)''nM). 


> 0 , 


Vnip G F, n G M 


>0 


Lemma 2.11. Let T be a G-prebrick. Define 


B(T) := (f ■ mp I mp G F, f G (t, i/, 2 :}}\F. 

Then the semigroup 5'(F) is generated by for all h E B(T) as a 

semigroup. In particular, >S'(F) is finitely generated as a semigroup. 

Proof. Let S be the subsemigroup of M generated by for all 

b G B(T). Clearly, S C 5'(F). For the opposite inclusion, it is enough 
to show that the generators of 5'(F) are in S. 

An arbitrary generator of >S'(F) is of the form ^ for some 

n G M>o, mp G F. We may assume that n ■ mp ^ F. In particular, 
n 7 ^ 1. Since n has positive degree, there exists f G {x,y,z} such 
that f divides n, i.e. j G M>o and deg(j) < deg(n). Let mp/ denote 
wtr(f ■ nip). Note that 

n 

wtr(f ■ nip/) = wtr(f ■ j ■ nip) = wtr(n ■ mp). 

Thus 


n-mp _ f-nip f-wtr(f-nip) 

wtr(n ■ mp) wtr(f ■ nip) wtr(n ■ mp) 

_ f ■ nip f ■ mp/ 

wtr(f-nip) wtr(f-mp/)‘ 

By induction on the degree of monomial n, the assertion is proved. □ 


The set B{r) in the lemma above is called the Border bases of F. As 
B(F) is hnite, the semigroup /^(F) is hnitely generated as a semigroup. 
Thus the semigroup /^(F) dehnes an affine toric variety. Dehne two 
affine toric varieties: 


G(F) := SpecC[A(F)], 

G^(F) := SpecC[a(F)''nM]. 
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Note that the torus SpecC[M] of U{T) is isomorphic to T = 
and that U'^{r) is the normalization of U{r). 

Craw, Maclagan and Thomas [4] showed that there exists a torus 
invariant G-cluster which does not he in the birational component Yg. 
The following dehnition is implicit in [4], 

Definition 2.12. A G-prebrick T is called a G-brick if the affine toric 
variety G(r) contains a torus hxed point. 

From toric geometry, U{r) has a torus hxed point if and only if 
S'(r) n (5'(r))“^ = {l}, i.e. the cone (T(r) is a 3-dimensional cone. 

Example 2.13. Consider the G-prebricks ri,r 2 in Example 2.10. By 
Lemma 2.11, S'(ri) is generated by We have 

a(ri) = |u G (u,m) > 0, for all m G { J, 

= Cone((l,0,0),f(3,2,5),i(l,3,4)). 

Similarly, we can see that 

n(r 2 ) = |n G (u, m) > 0, for all m G {f^, 

= Cone((l,0,0),i(l,3,4),i(6,4,3)). 

Since S'(ri) = (j(ri)^nM and S'(r 2 ) = (j(r 2 )'^nM, the two G-prebricks 
Ti, r 2 are G-bricks. Moreover the two toric varieties G(ri) and G(r 2 ) 
are smooth. 0 

Let T be a G-prebrick. Dehne 

G(r) := (r)/{i?(r)). 

The module G(r) is a torus invariant G-constellation. A submodule Q 
of G(r) is determined by a subset A C T, which forms a C-basis of Q. 

Lemma 2.14. Let A be a subset ofT. The following are equivalent. 

(i) The set A forms a C-basis of a submodule of G(T). 

(ii) If nip G A and! G {x,y,z}, theni-nip G T implies f-nip G A. 

Let p be a point in U{r). Then the evaluation map 

evp! S'(r) (C, x), 

is a semigroup homomorphism. 

To assign a G-constellation G(r)p to the point p of G(r), hrst con¬ 
sider the C-vector space with basis T whose G-action is induced by the 
G-action on C[x, y, z]. Endow it with the following C[x, y, 2 :]-action: 

( n • m \ 
wtr(n . L,) ) 

for a monomial n G M>o and m^ G T. 
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Lemma 2.16. Let T be a G-prebrick. 

(i) For every p G U(T), C'(r)p is a G-constellation. 

(ii) For every p G ^7(r), T is a C-basis ofG{r)p. 

(iii) If p and q are different points in U(T), then C(r)p ^ 

(iv) Let Z cT = (C^)^ be a free G-orbit and p the corresponding 
point in the torus SpecC[M] ofUiV). Then C(r)p = Oz as 
G-constellations. 

(v) IfU{r) has a torus fixed point p, then C(r)p = C(r). 

Proof. From the definition of (^(r)^, the assertions (i), (ii) and (v) fol¬ 
low immediately. The assertion (iii) follows from the fact that points 
on the affine toric variety U{r) are in 1-to-l correspondence with semi¬ 
group homomorphisms from 5'(r) to C. 

It remains to show (iv). Let ZcT = (C^)^bea free G-orbit and 
p the corresponding point in SpecC[M] C G(r). There is a surjective 
G-equivariant C[a;, y, ; 2 ]-module homomorphism 

C[x, y, z] G(r)p given by / ^ * 1. 

whose kernel is equal to the ideal of Z. This proves (iv). □ 

Definition 2.17. A G-prebrick is said to be 6 -stable if G(r) is ^-stable. 

Deformation space D{r). We introduce deformation theory of G(r) 
for a 0-stable G-prebrick T. We deform G(r), keeping the same vec¬ 
tor space structure, but perturbing the structure of C[a;, y, 2 :]-module. 
Since we fix a C-basis T of G(r), deforming G(r) involves 3r parame¬ 
ters {xp, yp, Zp \ p G G^} with 

{ X * mp = XpWtr{x ■ mp), 
y*mp = ypwtr{y-mp), 
z*mp = ZpWiriz • mp), 

with the following commutation relations: 

{ Tp|/wt(a;-mp) Vp^wp-y-mp)) 

^ p^wt{x-mp) ^p^wt{z-mp)i 
ypZwt{y-m.p) ~ ^pl/wt(j/'mp)- 

Note that wtr(ni) G T is the base of the same weight as m. Fixing a 
basis F means that we set fp = 1 if wtr(f-nip) = f-mp for f G {t, y, z}. 
Define a subset of the 3r parameters 

A(r) := {fp I wtr(f ■ mp) = f ■ mp, fp G {Xp,yp,Zp}}, 

i.e. A(F) is the set of parameters fixed to be 1. Define the affine scheme 

(2.19) D{T) := Spec {C[xp,yp,Zp \ p G G^]/Jr) 

where Jr = (the quadrics in (2.18), fp — 1 | fp G A(F)). By King [12], 
the affine scheme D(F) is an open set of Ale containing the point 



10 


S.-J. JUNG 


corresponding to C'(r). More precisely, consider an affine open set Uy 
in RepG, which is dehned by fp to be nonzero for all fp G A(r). Note 
that Uy is GL(5)-invariant and that Uy is in the 0-stable locus. Since 
the quotient map Repp^ G —)■ M.e is a geometric quotient for generic 0, 
from GIT [15], it follows that Spec C[LG]is an affine open subset of 
M. 0 . On the other hand, setting fp G A(r) to be 1 for all fp G A(r) gives 
a slice of the GL((5)-action. ThusZl(r) is isomorphic to Spec C[LG] 

Remark 2.20. The affine open subset D{r) of the moduli space Aie 
parametrises G-constellations whose basis is T. 0 

Proposition 2.21. For generic 6, let T be a 6-stable G-brick and Ye 
the birational component of Mg. Then G(r)p is 9-stable for every 
p E U(T). Furthermore, there exists an open immersion 

G(r) = SpecC[A(r)] -G YgCMg, 

which fits into the following commutative diagram: 

U{T) ^ Yg 

i i 

D{r) -G Mg 

where the vertical morphisms are closed embeddings. 

Proof. Let us assume that the G-constellation G(r) is 0-stable. Let p 
be an arbitrary point in G(r) and Q a submodule of G(r)p. By the 
dehnition of G(r)p, there is a submodule Q' of G(r) whose support is 
the same as Q. Since G(r) is 0-stable, 9(Q) = 6 {Q') > 0. Thus G(r)p 
is 0-stable. 

Since there is a C-algebra epimorphism from C[Zl(r)] to C[S'(r)] 
given by 


^ wtr(f ■ mp) 

for fp G {xp, Pp, Zp}, it follows that U (T) is a closed subscheme of D{T). 

As Graw, Maclagan, and Thomas [3] proved that the birational com¬ 
ponent Yg is a unique irreducible component of Aig containing the 
torus T = (C^)^/G, it follows that Yg fl Ll(r) is a unique irreducible 
component of D{r) containing the torus T. 

The morphism U{r) ^ -D(r) C Aig induces an isomorphism be¬ 
tween the torus SpecC[M] and the torus T of Yg by Lemma 2.16 (iv). 
Note that fL(r) is in the component y6inZl(r) because fL(r) is a closed 
subset of Ll(r) containing T. Since both 17(r) and le fl Zl(r) are re¬ 
duced and of the same dimension, G(r) is equal to Yg fl Zl(r). Thus 
there exists an open immersion from U{r) to Yg. □ 
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2.3. G-bricks and the biratioanl component Yg. In this section, 
we present a 1-to-l correspondence between the set of torus fixed points 
in Yg and the set of 0-stable G-bricks. 

Proposition 2.22. Let G C GL 3 (C) be the group of type ^( 01 , 0 : 2 , 0 : 3 ). 
For a generic parameter 9, there is a 1-to-l correspondence between the 
set of torus fixed points in the birational component Yg of the moduli 
space A4g and the set of 9-stable G-brieks. 

Proof. ^ In Section 2.2, we have seen that if F is a 0-stable G-brick, 
then G(r) is a torus invariant G-constellation corresponding to a torus 
hxed point in Yg. 

Let p E Yg he a torus hxed point and T the corresponding torus 
invariant G-constellation. For a one parameter subgroup 

\-.GY ^Yg 

with limt^o A(t) = p, \ induces a hat family V of G-constellations over 
Aj.. Note that V has generic support; for every nonzero t E Aj., the 
G-constellation Vt over t is isomorphic to Oz for a free G-orbit Z in 
T = (C^)^. There is a set F = {m^ E M \ p E G^} satisfying: 

(1) F is a C-basis of Vt for every t E Aj.. 

(2) 1 e F. 

(3) Vt is isomorphic to {T)/Nt for a submodule Nt of (F), where 
(F) denotes the C[a;, y, 2 :]-module generated by F. 

We prove that F is a G-prebrick and that IF = G(F). Note that IF can 
be written as (F)/iV for a submodule N. For any mp G F, since mp is a 
base, mp is not in N. Moreover if n-mp ^ F for n G M>o, mp G F, then 
n-mp G N because the dimension of is r = |F|. This proves that 

N = (i?(F)), where 5(F) is the Border bases in Lemma 2.11. From this, 
it follows that F satishes the conditions (i),(ii),(iii) in Dehnition 2.8. 
As F is 0-stable for generic 0, the connectedness condition (iv) follows. 

To see that the G-prebrick F is a G-brick, note that the point p EYg 
corresponds to the isomorphism class of G(F) so p E L)(F). Thus p is 
in G(F) = Fe n5(F). □ 

Corollary 2.23. Let T be a G-prebrick. Then G(F) lies in the bira¬ 
tional component Yg if and only ifT is a G-brick. 

Theorem 2.24. Let G C GL 3 (C) he a finite diagonal group and 9 a 
generic GIT parameter for G-constellations. Assume that © is the set 
of all 9-stable G-bricks. 

(i) The birational component Yg of Mg is isomorphic to the not- 
necessarily-normal toric variety Ure6^(^)- 

^In [8], there is another proof using the language of the McKay quiver 
representations. 
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(ii) The normalization ofYg is isomorphic to the normal toric va¬ 
riety whose toric fan consists of the 3-dimensional cones (T(r) 
for r G 6 and their faces. 

Proof. Let G be the group of type i(Q;i, 0 : 2 , cis)- Consider the lattice 
L = + Z ■ 0 : 2 , tts)- 

Let Yg be the birational component of the moduli space of ^-stable 
G-constellations and Yf the normalization of Yg. Let Y denote the 
not-necessarily-normal toric variety Uree ^i^)- Dehne the fan S in Lr 
whose maximal cones are o'(r) for L G ©. Note that the corresponding 
toric variety Y'' := Xj^ is the normalization of Y. 

By Proposition 2.21, there is an open immersion fj-.Y Yg. From 
Proposition 2.22, it follows that the image ipiY) contains all torus 
hxed points of Yg. The induced morphism ip'': Y^ Yf is an open 
embedding of normal toric varieties with the same number of torus 
hxed points. Thus the morphism should be an isomorphism. This 
proves (ii). 

To show (i), suppose that Yg\'ip(Y) is nonempty so it contains a torus 
orbit O of dimension d > 1. Since the normalization morphism is torus 
equivariant and surjective, there exists a torus orbit O' in Y'' = Yq 
of dimension d which is mapped to the torus orbit O. At the same 
time, from the fact that Y'^ is the normalization of Y and that the 
normalization morphism is hnite, it follows that the image of O' is a 
torus orbit of dimension d, so the image is O. Thus O is in ■^(F), which 
is a contradiction. □ 

Corollary 2.25. With the notation as in Theorem 2.24, is a normal 
toric variety if and only if S(T) = o'(P)^ fl M for allT G ©. 

3. Weighted blowups and economic resolutions 

Let G C GL 3 (C) be the hnite subgroup of type ^(1, a,r — a) with r 
coprime to a, i.e. 

G= (diag(e,e“,e^-“) |e^ = 1). 

The quotient X = P?/G has terminal singularities and has no crepant 
resolution. However there exist a special kind of toric resolutions, which 
can be obtained by a sequence of weighted blowups. In this section, 
we review the notion of toric weighted blowups and dehne round down 
functions which are used for hnding admissible G-bricks. 

3.1. Terminal quotient singularities in dimension 3. In this sec¬ 
tion, we collect various facts from birational geometry. Most of these 
are taken from [17]. 

Definition 3.1. Let X be a normal quasiprojective variety and Kx 
the canonical divisor on X. We say that X has terminal singularities 
(resp. canonical singularities) if it satishes the following conditions: 
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(i) there is a positive integer r such that rKx is a Cartier divisor. 

(ii) if 99 : y —)■ X is a resolution with Ei prime exceptional divisors 
such that 

rKy = (p*irKx) +r^ aiEi, 
then tti > 0 (resp. > 0) for all i. 

In the dehnition above, a* is called the discrepancy oi E^. A crepant 
resolution 99 of X is a resolution with all discrepancies zero. 


Birational geometry of toric varieties. Let L be a lattice of rank 
n and M the dual lattice of L. Let a be a cone in L 0z IR- Fix a 
primitive element v G L D a. The barycentric subdivision of a at t is 
the minimal fan containing all cones Cone(r, t) where r varies over all 
subcones of a with v ^ r. 


Proposition 3.2 (see e.g. [17]). Let S be the barycentric subdivision of 
an n-dimensional cone a at v. Let X := Ua be the affine toric variety 
corresponding to a and Y the toric variety corresponding to the fan S. 

(i) The barycentrie subdivision induces a projective toric morphism 

^:Y ^X. 

(ii) The set of 1-dimensional cones ofT consists of 1-dimensional 
cones of a and Cone(T). 

(iii) The torus invariant prime divisor eorresponding to the 1- 
dimensional cone Cone(T) is a Q-Cartier divisor on Y. 

Furthermore if v is an interior lattice point in a, then 

Ky = F*{Kx) + {{XiX 2 ■■■Xn,v) - 1 )D^, 

i.e. the discrepancy of the exceptional divisor is {xiX 2 ■ ■ ■ Xn, u) — 1. 

Example 3.3. Dehne the lattice L = + Z ■ 1(1, a, r — a) with r 

coprime to a and M = Homz(L, Z) the dual lattice. Let {ci, 62, 63} be 
the standard basis of Z^ and (T+ the cone generated by ci, 62 , 63 . As in 
Section 2.2, the toric variety X := Lfa+ is the quotient variety C^/G 
where G is the group of type 1(1, a, r — a). 

Set Vi := l(i, ai, r — ai) E L for each 1 < i < r — 1 where ^ denotes 
the residue modulo r. Let Ei be the torus invariant prime divisor 
corresponding to Vi. From Proposition 3.2, the discrepancy of Ei is 


i 

r 



r — ai 


r 


- 1 



This shows that X has only terminal singularities. 


0 


We have seen that the quotient singularity X = C^/G has terminal 
singularities if G is the group of type 1(1, a,r — a) with r coprime to a. 
Conversely, these groups are essentially all the cases, by the following. 
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Theorem 3.4 (Morrison and Stevens [14]). A 3-fold cyclic quotient 
singularity X = C^/G has terminal singularities if and only if the 
group G C GL 3 (C) is of type 1(1, a,r — a) with r coprime to a. 

3.2. Weighted blowups and round down functions. Define the 
lattice L = + Z ■ 1(1, a, r — a). Set L = lA <Z L. Consider the 

two dual lattices M = Honiz(Z,Z), M = Honi 2 (L,Z). Note that a 
(Laurent) monomial m G M is G-invariant if and only if m is in M. 
Let {ci, 62 , 63 } be the standard basis of If and (T+ the cone generated 
by 61 , 62 , 63 . Then SpecCfa)) fl M] is the quotient variety X = C^/G. 
Set u = 1(1, a, r — a) G L, which corresponds to the exceptional divisor 
of the smallest discrepancy (see Example 3.3). Define three cones 

(Ti = Cone(v, 62 , 63 ), (72 = Cone( 6 i, v, 63 ), <73 = Cone( 6 i, 62 , v). 

Define S to be the fan consisting of the three cones cti, < 72 , <73 and their 
faces. The fan S is the barycentric subdivision of < 7 + at v. Let Yi be 
the toric variety corresponding to the fan S together with the lattice L. 
The induced toric morphism 99 : Yi —)■ X is called the weighted blowup 
of X with weight (1, a,r — a). 



Figure 3.1. Weighted blowup of weight (l,a, r — a) 


Let us consider the sublattice L 2 of L generated by ei,v,es. Define 
M 2 := Hom 2 (L 2 , Z) with the dual basis 


6 := xy~ 


V2 ■= C2 := 1 / “ 


The lattice inclusion L 2 ^ L induces a toric morphism 


ip: SpecC[(72 n M 2 ] —)■ U 2 := SpecC[(72 flM]. 


Since C[af fl M 2 ] = C[.^ 2 ,h 2 ;C 2 ] and the group G 2 := L/L 2 is of type 
1 ( 1 ,—r,r) with eigencoordinates ^ 2 , 32 X 2 , the open subset U 2 has a 
quotient singularity of type 1 ( 1 , —r, r). 

Similarly, consider the sublattice L 3 of L generated by 6 i, 62 ,u. Let 
us define the lattice M 3 := Homz(L 3 , Z) with basis 


6 := 2 : 2 : 


V3 ■= yz—% 


Cs := 2:’'-“ 


The open set U 3 = Spec C[^ 3 , 773 , Cs] has a quotient singularity of type 
^(l,r, -r) with eigencoordinates C 3 ,h 3 ,C 3 - Set G3 := L/L3. 
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Lastly, consider the sublattice Li of L generated by n, 62 , 63 . Let us 
define Mi := Honiz(Li,Z) with the dual basis 


:= xr, r]i ■= X ;= x~ 


z. 


Since {^, 62 , 63 } forms a Z-basis of L, i.e. Gi = L/Li is the trivial 
group, the open set Ui = SpecC[.^i,? 7 i,Ci] is smooth. 


Example 3.5. Let G be the group of type |(1, 3, 4) as in Example 2.10. 
The toric fan of the weighted blowup with weight (1,3,4) is shown in 
Figure 3.2. 


tei 



Figure 3.2. Weighted blowup of weight (1,3,4) 

The affine toric variety corresponding to the cone (T 2 on the left 
side of n = y(l,3,4) has a quotient singularity of type |(1,2,1) with 

17 4 

eigencoordinates xy~^,y~^z. The affine toric variety corresponding 
to the cone <73 on the right side of v has a singularity of type ^(1, 3,1) 

1 3 7 

with eigencoordinates xz~^^yz~^^ z^. On the other hand, the affine 
toric variety corresponding to the cone ai = Cone(e 2 , 63 , n) is smooth 
as 62 , 63 , n form a Z-basis of L. 0 

Definition 3.6 (Round down functions). With the notation above, 
the left round down function 02 : dT —)■ M 2 of the weighted blowup 
with weight ( 1 , a, r — a) is dehned by 

where [ J is the floor function. In a similar manner, the right round 
down function 03: M —)■ M 3 of the weighted blowup with weight 
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(1, a, r — a) is defined by 

and the central round down function 0i: M —)■ Mi of the weighted 
blowup with weight (1, a,r — a) by 

Lemma 3.7. For each k = 1,2, 3, let fk the round down function of 
the weighted blowup with weight (1, a,r — a). For a monomial m G M 
and a G-invariant monomial n G M, 

0fc(m ■ n) = 0fc(m) ■ n. 

Thus the weight o/0fc(m ■ n) and the weight of fki™) «re the same in 
terms of the Gk-action. Therefore fk induces a surjective map 

fk-G'^ ^ Gk, pe^fkip), 

where fkip) is the weight o/0fc(m) for a monomial m G M of weight p. 

Proof. Since Mk contains M as the lattice of Gfc-invariant monomials, 
n is in Mk- By dehnition, the assertions follow. □ 

Remark 3.8. Davis, Logvinenko, and Reid [6] introduced a related 
construction in a more general setting. 0 


Lemma 3.9. For each k = 1,2, 3, let fk be the round down function of 
the weighted blowup with weight (1, a,r — a). Let m G M be a Laurent 
monomial of weight j . 

(i) -f /0 < j < r — a, then (f> 2 {y ■ m) = 02 (m). 

(ii) IfO < j < a, then ■ m) = (;/) 3 (m). 

(hi) If 0 < j <r — 1, then (f)i{x ■ m) = 01 (m). 

(iv) If 0fe(m) = 0fc(m'), then m = n ■ m' or m' = n ■ m for some 
n G M>o. 


Proof. Let m = be a Laurent monomial of weight j. To 

prove (i), assume that 0 < j < r — a. This means that 


a r — a .1 a r — a . r — a 
0 < -mi H — m2 H - m^ — I -mi H — m 2 H-maj < - . 

iy> lyt lyt ly ly y 

Thus 02 ( 1 / ■ m) = = (f) 2 {x'^'^y'^^z'^^) = 02(m). The 

assertions (ii) and (iii) can be proved similarly. The dehnition of <pk 
implies (iv). □ 


Lemma 3.10. For each k = 1,2, 3, let fk be the round down function 
of the weighted blowup with weight (1, a,r — a). Let k 6e a lattice point 
in the monomial lattice Mk and g a monomial of degree 1 in Mk. There 
exist a monomial f G {x, y, z} of degree 1 and m G M such that 

0fc(f ■ m) = g ■ k 

satisfying 0A:(ni) = k. 
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Proof. Here we prove the assertion for the left round down function. 
Let rj, ( denote the eigencoordinates for the G 2 -action. Let k be a 
monomial in M 2 and g G {C; h) C}- 

Consider the case where g = (■ Since 02 is surjective, there exists 
m = G M such that 02 (m) = k. If C ■ k = 02 ( 2 : ■ m), then 

we are done. 

Suppose C ■ k 7 ^ 02 ( 2 : ■ m). This means that 

1 a r — a r — a 1 a r — a 

-mi H— m 2 H- m 3 H-> -mi H— m 2 H- m 3 + 1 . 

/y lyi ry y y y y 

There is a positive integer such that 02 (^) = k for all 0 < / < Iq 

with 02 j 7 ^ k. Since <p 2 {z ■ = C ■ k, the assertion follows. 

For the other cases, we can prove the assertion similarly. □ 

3.3. Economic resolutions. By the fact that the quotient variety 
X = C^/G has terminal singularities, X does not admit crepant res¬ 
olutions. However X has a certain toric resolution introduced by 
Danilov [5] (see also [17]). 

Definition 3.11. Let G C GL 3 (C) be the group of type 1(1, a,r — a). 
For each 1 < i < r, let Vi := 1(0 aqr — ai) E L where ^ denotes the 
residue modulo r. The economic resolution of C^/G is the toric variety 
obtained by the consecutive weighted blowups at Vi,V 2 , ■ ■ ■ ,Vr-i from 

cVg. 

Proposition 3.12 (see [17]). Let (p: Y —)■ X = C^/G be the economic 
resolution ofC^/G. For each 1 < i < r, let Ei denote the exceptional 
divisor of tp corresponding to the lattice point Vi. 

(i) The toric variety Y is smooth and projective over X. 

(ii) The morphism p satisfies 

Ky = p*{Kx) + 0 ^- 

l<i<r 

In particular, each discrepancy is 0 < 7 < 1. 

From the fan of Y, we can see that Y can be covered by three open 
sets U 2 , U 3 and Ui, which are the unions of the affine toric varieties 
corresponding to the cones on the left side of, the right side of, and 
below the vector v = 1(1, a, r — a), respectively. Note that U 2 and U 3 
are isomorphic to the economic resolutions for the singularity of type 
1 ( 1 , —r, r) and of type 7 ^(l,r, —r), respectively. 

^This integer 0 is the largest integer satisfying 

1 a r — a a 1 a r — a 
-nil H— m2 H- m3 -i > -mi H— m2 H- m3 . 
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Remark 3.13. Let S be the toric fan of the economic resolution Y. 
Note that the number of 3-dimensional cones in S is 2r — 1 and that 
the number of 3-dimensional cones containing ci is r. 0 

Example 3.14. Let G be the group of type ^(1,3,4) as in Exam¬ 
ple 2.10. The fan of the economic resolution of the quotient variety 
C^/G is shown in Figure 3.3. 


tei 



Figure 3.3. Fan of the economic resolution for 4(1, 3,4) 

The toric variety corresponding to the fan consisting of the cones on 
the left side of n = 4(1, 3,4) is the economic resolution of the quotient 
4(1, 2,1). On the other hand, the toric variety corresponding to the fan 
consisting of the cones on the right side of v is the economic resolution 
of the quotient 4(1, 3,1). 0 


4. Moduli interpretations of economic resolutions 

This section contains our main theorem. First, we explain how to 
hnd a set &{r,a) of G-bricks using the round down functions and a 
recursion process. In Section 4.3, we show that there exists a stability 
parameter 6 such that every G-brick in &{r,a) is 0-stable. 

4.1. G-bricks and stability parameters for 4(1,r — 1,1). Let G 

be the group of 4(1, r — 1,1) type, i.e. a = 1 or r — 1. In this case, 
K^dzierski [10] proved that G-Hilb is isomorphic to the economic 
resolution of C^/G. 
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Theorem 4.1 (K^dzierski [10]). Let G C GL 3 (C) be the finite group 
of type ^{1, a, r— a) with a = 1 orr — 1. Then G-Rilh is isomorphic 
to the economic resolution of the quotient variety Gf’ /G. 

For each 1 < i < r, set = ^{i,r — i,i). Set Vq = 62 and Vr = 63 . 
The toric fan corresponding to G-Hilb consists of the following 2r —1 
maximal cones and their faces: 


(Ti = Cone(ei,Tj_i,Tj) for 1 < i < r, 

ar+i = Cone(e 3 , nj_i, Vi) for 1 < i < r — 1. 

Each 3-dimensional cone has a corresponding (Nakamura’s) G-graph; 

.^ 2 ') ^i = forl<i<r, 

Tr+i = {l,y,y‘^,...,y^~^,x,x‘^,...,x'^-^} for 1 < i < r - 1 , 

with S{rj) = aj nM. As the cone aj is 3-dimensional, the G-prebrick 
Fj is a G-brick. Furthermore, U{Tj) = D{Tj) = C^. 

By Ito-Nakajima [7], all G-bricks in (4.2) are 0-stable for any 6 G 0+ 
where 


(4.3) 0+ := {0 G 0 0 (p) > 0 for p 7 ^ po} . 


Example 4.4. Let G be the hnite group of type |(1, 2,1) with eigenco- 
ordinates f, rj, (. Set vi = |(1, 2 , 1 ) and V 2 = |( 2 , 1 , 2 ). Recall that the 
economic resolution T of X = C^/G can be obtained by the sequence 
of the weighted blowups: 


Y 


(p2^ 


Y,^X, 


where pi is the weighted blowup with weight ( 1 , 2 , 1 ) and p 2 is the 
toric morphism induced by the weighted blowup with weight ( 2 , 1 , 2 ). 
The fan corresponding to Y consists of the following hve 3-dimensional 
cones and their faces: 

(Ti = Cone(ei, 62 , ui), ct 2 = Cone(ei, ^ 1 ,^ 2 ), <73 = Cone(ei, V 2 , 63 ), 
0-4 = Cone(e 3 , 62 , Ui), = Cone(e 3 , ^ 1 ,^ 2 )- 
The following 

Fi = {l,C, 0 , F2 = { 1 ,p,C}, F3 = {l,p,p2}, 

F4 = {l,e,n, F5 = {l,e,p}. 

are their corresponding G-bricks. 0 


4.2. G-bricks for l-(l,a,r — a). In this section, we assign a G-brick 
To- with >S'(Fo-) = n M to each maximal cone a in the fan of the 
economic resolution Y. 

Let G be the group of type ^(1, a,r — a) with r coprime to a, X the 
quotient C^/G, and Y ^ X the economic resolution of X. Then 
Y can be covered by U 2 , G 3 and Ui, which are the unions of the affine 
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toric varieties corresponding to the cones on the left side of, the right 
side of, and below the lattice point v = ^{1, a, r — a), respectively. 

Proposition 4.5. Fork = 1,2,3, let F' be a Gk-brick. Define 

r := {m e M|0fc(m) G F'} . 

The set T is a G-brick with 5'(F) = >S'(F'). 


Proof. Since fikifi) = 1 G F', we have 1 G F. To show that F satishes 
(ii) in Dehnition 2.8, we need to show that there exists a unique mono¬ 
mial of weight p in F for each p G Fix a positive integer i such 
that the weight of x* is p. Consider the monomial 4>k{xfi in Mk and its 
weight X G G'^. Since F' is a G^-brick, there exists a unique element 
of weight y. Since the G^-invariant monomial is in the lattice 
M, it follows from Lemma 3.7 that 


fik- x" ■ 


(^) 


!-)■ k^. 


i.e. x^- is in F. To show uniqueness, assume that two monomials 

m, m' of the same weight are mapped into F'. As 0fc(m) and are 

of the same weight, we have 0fc(m) = 0fc(m') G F'. From Lemma 3.7, 

0fc(m) = fik (m' ■ 

V m' / m' 

and hence m = mb From Lemma 3.10, it follows that F is connected 
as F' is connected. 

For (iii) in Dehnition 2.8, assume that n' ■ n ■ riip G F for nip G F and 

n, n' G M>o. We need to show 0fe(n ■ nip) G Fb From 


0fe(n' ■ n ■ nip) 


fikjn' ■ n ■ nip) 
0fc(n ■ nip) 


0fc(n ■ nip) 

0fc(mp) 


• 0fc(mp) G F', 


it follows that ■ rup) = ‘ is in F' because F' is a 

Gfc-prebrick. This proves that F is a G-prebrick. 

It remains to prove that S'(F) = 5'(F'). Note that 5'(F) is generated 
by ^ ^ and nip G F. Let n be a genuine monomial in 

M>o and nip an element in F. Let k^ denote ^^(nip) G Fb Dehne k to 
be From the dehnition of the round down functions, we know 

that k is a genuine monomial in f,'r],C- Since ^ is G-invariant, 

it follows that 

n-nip _ 0fc(n ■ nip) _ ' ^kijxrp) _ k ■ k^ 

wtr(n-nip) wtr(n ■ nip)) 0fc(wtr(n ■ nip)) wtr'(k-k^) 


from Lemma 3.7. This proves S'(F) C >S'(F'). 
For the opposite inclusion, by Lemma 2.11, 

S ^ and k 


it suffices to show that 
^ G Fb By Lemma 3.10 
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there are n G M>o, rrip G F such that 0fc(n ■ nip) = g ■ k^. Lemma 4.6 
implies that wtr'(g ■ k^) = (;/)fc(wtr(n ■ nip)). Thus 

g • k^ _ 0 fc(n ■ nip) _ 0 fc(n ■ nip) _ n ■ nip 
wtr'(g-kx) wtn ( 0 fc(n ■ nip)) 0 fc(wtr(n ■ nip)) wtr(n-nip)’ 

and we proved the proposition. □ 

Lemma 4.6. With the notation as in Proposition 4-5, ifm G M, then 

wtr' ( 0 fc(m)) = 0 fc(wtr(m)). 

Proof. Since fki™) is of the same weight as fk (wtr(ni)) by Lemma 3.7, 
the assertion follows from the fact that (;/)fc(wtr(ni)) G F'. □ 

Lemma 4.7. With the notation as in Proposition 4-5, let m be the 
Laurent monomial of weight j m F = {m G M\M m) G F'}. 

(i) If k = 2 and 0 < j < r — a, then (p 2 {y ■ m) G F. 

(ii) If k = 3 and 0 < j < a, then ■ m) G F. 

(hi) If k = 1 and 0 < j < r — 1, then 0i(t ■ m) G F. 

Proof. Lemma 3.9 implies the assertion. □ 

Proposition 4.8. Let G be the group of type ^(l,a,r — a) with r co¬ 
prime to a. Let Smax be the set of maximal cones in the fan of the 
economic resolution Y of X = C^/G. Then there exists a set &{r,a) 
of G-bricks such that there is a bijective map S^ax —t &{r,a) sending 
a to Fg- satisfying >S'(Fo-) = In particular, U(T„) is isomorphic 

to the smooth toric variety Ua- = SpecC[(j'^ fl M] corresponding to a. 

Proof. From Section 4.1, the assertion holds when a = 1 or r — 1. We 
use induction on r and a. 

Let a be a 3-dimensional cone in the fan of the economic resolution 
Y of X = C^/G. For v = ^(1, a,r — a), we have three cases: 

( 1 ) the cone a is below the vector v. 

( 2 ) the cone a is on the left side of the vector v. 

(3) the cone a is on the right side of the vector v. 

Case (1) the cone a is below the vector v. Since there is a unique 
3-dimensional cone below v, a = Cone(u, 62 , 63 ). Consider the central 
round down function fi of the weighted blowup with weight ( 1 , a, r — a). 
For m = G M, note that 

01 (m) = 1 if and only if m 2 = m^ = 0 and 0 < ^ < 1 . 

The set F := 07^(1) = {1, t, ..., is a G-prebrick with the 

property S'(F) = fl M. Since the corresponding cone (t(F) is equal 
to u, the G-prebrick F is a G-brick. 
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Case (2) the cone a is on the left side of v. From the fan of the 

economic resolution, it follows that U 2 is isomorphic to the economic 
resolution Y 2 of ^(1,—r,r) with eigencoordinates There exists 

a unique 3-dimensional cone a' in the toric fan of Y 2 corresponding to 
a. Let G 2 be the group of type ^(1, —r, r). Note that a is strictly less 
than r so that we can use induction. 

Assume that there exists a G 2 -brick F' with S'(F') = (a')^ fl M. By 
Proposition 4.5, there is a G-brick F with S'(F) = 5'(F') = fl M. 

Case (3) the cone a is on the right side of v. The case where the 
cone a is on the right side of v can be proved similarly. □ 

Definition 4.9. A G-brick F in &{r,a) described above is called a 
Danilov G-hrick. 

Proposition 4.10. With the notation as is in Proposition 4-5, we have 
D{T') = D(F). Moreover we have a commutative diagram 


G(r) 

^ G(F) 



D(r') 

A D(r) 


with the vertical morphisms closed embeddings. Therefore for a G-hrick 
F G 6(r,a), we have G(F) = D(F) = CT 

Proof. Let F be a G-brick and F' the corresponding G^-brick. Let 
^,? 7 ,C denote the eigencoordinate for the G^-action. From (2.19), the 
coordinate rings of the affine schemes D(F), D(F') are 

C[D{T)]=Clx„v„z,\p€G'']/lr, 

where the ideal Jr is (the quadrics in (2.18), fp — 1 | fp G A(F)) and the 
ideal Jp is (the commutative relations, — 1 | G A(F')). 

By Lemma 3.10, we have an algebra epimorphism 

ja: C[xp,yp,Zp | p G G^] C[T>(F')] fp k(^) 

defined as follows on the 3r generators fp G {xp,yp, Zp}. Let nip be 
the unique element of weight p in F and y the weight of ^^(f ■ nip). 
Then k := is a monomial, so k induces a linear map k(^) on 

the vector space C ■ Then p is the morphism sending fp to 

k(^). Since the generators of Jr are in ker p, p induces an epimorphism 
p: C[D(T)] C[D(F')]. 

To construct the inverse of p, first we show that if p(fp) = p(fp)) 
then fp = f(, mod Jp. If p(fp) = p(fp)> fhen 0fc(f ■ nip) = 0fc(f' ■ mp) 
and = 0fc(mp')- Since both fp and fp are degree of 1, f = f'. 

By (iv) in Lemma 3.9, we may assume that nip/ = n ■ nip for some 
n G M>o. Since ^^(nip) = ^^(nip/), n induces a linear map equal to 
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1 on nip, i.e. m(p) = 1 mod Jr because nip/ = n ■ nip is a base. From 
the following commutative diagram 

C ■ nip 

C ■ wtr(f ■ nip) 

it suffices to show that n ■ wtr(f ■ nip) is a base, which implies that n 
induces a linear map equal to 1 on wtr(f ■ nip). Since 


C ■ nip/ 


fp' 


C ■ wtr(f ■ nip/), 


0fc(n ■ wtr(f ■ nip)) = 0*. f ■ nip/ ■ 


wtr(f ■ nip 

f ■ ni„ 


= 0fc(f ■ nip/) 
= 0fc(f ■ nip) 


wtr(f • nip) 

f ■ nip 

wtr(f • nip) 

f ■ nip 


0fc(wtr(f ■ nip))> 


the monomial n ■ wtr(f ■ nip) is in F and is a base. 

Now dehne the algebra morphism v : rj^, ^ C[Zi)(F)] 

by z^(gx) = fp for gx e {^x^VxXx} so that /i(fp) = g^. Since the gener¬ 
ators of Jr' are in ker z/, u induces V: C[Zi)(F')] —)■ C[D(F)]. 

To show V is surjective, we prove that generators fp are in the image 
of u. For fp such that is of degree < 1, fp is in the image of u 

by dehnition. By Lemma 4.11 below, it follows that V is surjective. 

Since JI and V are the inverses of each other, D{r) is isomorphic to 
L)(F'). Note that f/(F) = D{T) ^ for F G ©(r, 1) from Section 4.1. 
Using induction, we get Z1(F) = for F G 6(r, a). □ 

Lemma 4.11. In the situation as in Proposition 4-iO, define 
.S := |fp G {xp, Vp, Zp} I ^s of degree < l}. 

degree > 2 for some fp G {xp,yp,Zp], then fp can he 
written as a multiple of some elements in S modulo Ir- 


Proof. We prove this for the left round down function 02- Note that 
degree < 1 for all p E . Thus yfis are in S. 

Suppose that is of degree > 2 with mp = x'^^y^'^z^^. Then 

the monomial f is either x or ; 2 . In the case where f = z, this means 
that 


1 a r — a 
-mi -I— m2 H-ms — 

ly y 


1 a r — a 
-mi ^ — m2 H-ms 

y y y 



As in the proof of Lemma 3.10, there is a positive integer / such that 
02(^) = 02(nip) for all 0 < /' < / with 02(^) 7^ 02(nip). Note 
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that is of degree 1 where m„/ = Thus fy G S'. From the 

02(mp/) P y‘ P 

commutation relations 


C ■ nip/ 

C ■ wtr(f ■ nip/) 




C ■ nip 

C ■ wtr(f ■ nip), 


since induces a linear map on C ■ nip/ set to be 1, we have 
fp = fp ■ y\p>) = y\p) ■ fp' mod Jr. 

As all i/p’s are in S, the assertion follows. □ 

Example 4.12. Let G be the group of type |(1,3,4) as in Exam¬ 
ple 2.10. The fan of the economic resolution of the quotient variety is 
shown in Figure 3.3. 





Figure 4.1. Recursion process for ^(1,3,4) 

We now calculate G-bricks associated to the following cones: 

m := Cone((l,0,0),f(l,3,4),i(3,2,5)), 

a 2 := Cone((l,0,0),i(6,4,3),i(l,3,4)). 

Note that the left side of the fan corresponds to the economic resolution 
for the quotient singularity of type |(1, 2,1), which is G 2 -Hilb C^, where 
G 2 is of type |(1,2,1). Let ^,?7,C denote the eigencoordinates. Let 
be the cone in the fan of G 2 -Hilb which corresponds to ui. Observe 
that the corresponding G 2 -brick is 

r; = {i,c,cq. 

Since the left round down function 02 is 
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the G-brick corresponding to ai is 

Ti G r;} 

On the other hand, the right side of the fan corresponds to the eco¬ 
nomic resolution of the quotient variety |(1,3,1) which is Gs-HilbC^, 
where G 3 is of type |(1,3,1) with eigencoordinates q;,/ 9 , 7 . Let be 
the cone in the fan of G 2 -HilbC^ which corresponds to a 2 - Observe 
that the corresponding Gs-brick is 

r'= {l,/3,/?^/3q. 

Since the right round down function 03 is 

_ Q,mi^m2^L7™l + f™2 + |m3j 

the G-brick corresponding to (J 2 is 

Ts {x’^^y’^^z"^^ eMj(/>2 (x"^^y"^^z"^^) E L'J 

From Example 2.13, (T(ri) = ai and (T(r 2 ) = cr 2 . 0 


4.3. Stability parameters for &(r, a). Let G C GL 3 (C) be the hnite 
subgroup of type ^(l,a,r — a) with r coprime to a. We may assume 
2a < r. Let G 2 and G 3 be the groups of type ^(1, —r, r) and of type 
r, —r), respectively. 

Given stability conditions for Danilov G 2 -bricks and 9^^^ for 
Danilov G 3 -bricks, take a GIT parameter dp E Q satisfying the fol¬ 
lowing system of linear equations: 


(4.13) 




= E ^p(p) 

02(p)=X 

= E ^p{p) 

4>3{p)=x' 


for all X E G 2 , 
for all x' e GX 


Dehne the GIT parameter 0 G 0 by 


(4.14) 


{ —1 if 0 < wt(p) < a , 

1 if r — a < wt(p) < r, 
0 otherwise. 


Observe that E t/’(p) = 0 for all x ^ GX For a sufficiently large 
4>k{p)=x 

natural number m, set 

(4.15) 9 := 9p + rmjj. 

^In addition, if any 0 G 0 satisfies that ^(d) = 0 Dr all x G and 

k = 2,3, then 6 must be a constant multiple of ip. This also explains the existence 
of a solution 9p for (4.13). 
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We claim that every T G ©(r, a) is 6 *-stable. 

Example 4.16. As in Example 4.12, let G be the group of type 
y(l,3,4). For each 0 < i < 6 , let pi denote the irreducible repre¬ 
sentation of G whose weight is i. We saw that the left side of the fan 
is G 2 -HilbC^, where G 2 is of type |( 1 , 2 , 1 ) and that the right side of 
the fan is Gs-HilbC^, where G 3 is of type |(1,3,1). Let {xo,XiW 2 } 
and {xg, X 2 ; X 3 } be the characters of G 2 and G 3 , respectively. Take 
GIT parameters 9^‘^\ 9^^^ corresponding to G-Hilb such as (see (4.3)): 

0 ( 2 ) = (- 2 , 1 , 1 ), 

We have the following system of linear equations: 

—2 = 9p{po) + 9p{p3) + 9 p{pq), 

1 = 0p(pi)-l-0p(p4), 

1 = 0p(p2) + 0p(P5); 

< —3 = 9p{pq) + 9p{p4), 

1 = 0p(pi) + 0p(p5); 

1 = 0p(p2) + 0p(p6); 

. 1 = 9p{p‘i). 

Take 9p = (—1, 3, 3,1, —2, —2, —2) as a partial solution. For the pa¬ 
rameter tjj = (— 1 , — 1 , — 1 , 0,1,1,1), dehne 9 = 9p + m'lp for large m. 
Consider the following G-brick 

Let be the submodule of G(r) with basis A = { 2 :, ^Note 

that t/’(-^) > 0 and 

Thus 9{J^) is positive for large enough m. More precisely, 

9{J') = 3 — m+ (—2 -I- m) -I- (—2 -|- m) = m — 1 
is positive if m > 1 . 

On the other hand, consider the submodule Q of G(r) with basis 
B = ||, y}. Note that = 0 and (^(j) 2 {B)) = B. In this case, 
the set 02 (-B) gives a submodule Q' of G(r') with 

9^^\g') = 9{g). 

Since G(r') is 0(2)_stable, 9^‘^\g') is positive. Hence 9{g) is positive. 0 

Lemma 4.17. Let 9 be the parameter in (4.15). For the set ©(r, a) in 
Proposition 4-8, ifT is in &{r,a), then T is 9-stable. 

Proof. Let T be a G-brick in © and a the cone corresponding to T. We 
have the following three cases as in Section 4.2: 

( 1 ) the cone a is below the vector v. 
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(2) the cone a is on the left side of the vector v. 

(3) the cone a is on the right side of the vector v. 

In Case (1), T = {1, t, ..., By Lemma 2.14, any 

nonzero proper submodule Q of C'(r) is given by 

4 _ ^r-2 

Ji. - ^ vL ^ tjU ^ ^ tjU ^ JU j 

for some 1 < J < r — 1. Since 'ip{Q) > 0, L is ^-stable for sufficiently 
large m. 

We now consider Case (2). Let L' be the G 2 -brick corresponding to 
r. Let ^ be a submodule of C'(r) with C-basis A C L. Lemma 3.9 
and Lemma 2.14 imply that if nip G A for 0 < wt(mp) < a, then 
02 ^(02(mp)) C A. Thus 'ip{Q) > 0 from the definition of 

If '^(^) > 0, then it follows that 9{Q) > 0 for sufficiently large m. 
Let us assume that = 0. Note that A = {(l> 2 {A)y, otherwise 

there exists nip in 02^(02(^)) \ A with 0 < wt(mp) < a. To show 
that 9{Q) is positive, we prove that 02(^) gives a submodule Q' of 
C(r') and that 9{Q) = 9^'^\Q'). Since 9 satishes the equations (4.13), 
it suffices to show that 02(^) gives a submodule of C(r'). Let rj, ( be 
the coordinates of with respect to the action of G 2 - By Lemma 2.14, 
it is enough to show that if g ■ 02 (nip) G T' for some g G and 

nip G A, then g ■ 02(nip) G 02 (^)- Suppose that g ■ 02(nip) G T' for 
some nip G A. By Lemma 3.10, there exists nip/ such that 

02(f ■ nip/) = g ■ 02(nip) 

with 02(nip/) = 02(nip) for some f G {t, y, z}. In particular, f -nip/ is in 
T. Since A = 0^^ (02(71)), we have nip/ G 7l, which implies f ■ nip/ G A 
as zl is a C-basis of Q. Thus g • 02 (nip) is in 02(^1). □ 

Remark 4.18. At this moment, our stability parameter 9 in (4.15) has 
nothing to do with K^dzierski’s GIT chamber €{r, a) described in [11]. 
In Section 5, it is shown that the parameter 9 is in €{r, a). () 

4.4. Main Theorem. 

Theorem 4.19. The economic resolution Y of a 3-fold terminal quo¬ 
tient singularity X = C^/G is isomorphic to the hirational component 
Yq of the moduli space AAq of 9-stable G-constellations for a suitable 
parameter 9. 

Proof. From Proposition 4.8 and Lemma 4.17, Proposition 2.21 implies 
that there exists an open immersion from Y to Yq fitting in the following 
commutative diagram: 

\ ; 


X. 
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Since both Y and Yg are projective over X, the open immersion Y —)■ 
Yg is a closed embedding. As both Y and Yg are 3-dimensional and 
irreducible, this embedding is an isomorphism. □ 

Conjecture 4.20. The moduli space Mg is irreducible. 

Proposition 4.10 implies that the irreducible component Yg is actually 
a connected component. In addition, if every torus invariant 6'-stable 
G-constellation lies over the birational component Yg, then Mg is ir¬ 
reducible. For a = 2, we can prove Conjecture 4.20 so the economic 
resolution is isomorphic to Mg for 9 G &{r,a) (See [8]). We hope to 
establish this more generally in future work. 

Remark 4.21. By construction, Mq = Spec C[Rep is the mod¬ 

uli space of 0-semistable G-constellations up to A-equivalence. Since 
there exists an algebra isomorphism C[Rep —)■ C[x,y,z f, Mo 

is isomorphic to C^/G. In particular, A4o is irreducible. 0 

5. K^dzierski’s git chamber 

K^dzierski [11] described his GIT cone in 0 using a set of inequalities. 
Using his lemma, we can prove further that the cone is actually a GIT 
chamber €. In this section, we provide a description of € using the 
Ar-i root system. Dehne 

G(r, a)o = {F G 6(r, a) | a; ^ F}. 

K^dzierski’s lemma. By the same argument as in Lemma 6.7 of [11], 
we can prove that it suffices to check the 6'-stability for G-bricks F not 
containing x. 

Lemma 5.1 (K^dzierski’s lemma [11]). For a parameter 6 E Q, the 
following are equivalent. 

(i) Every F G &{r,a) is 9-stable. 

(ii) Every F G &{r,a)o is 9-stable. 

Let A be the hnite group of type ^(a,r — a). Since A = G as groups, 
the GIT parameter space 0 of G-constellations can be canonically iden- 
tihed with that of A-constellations. 

Since G-constellations which x acts trivially on are supported on the 
hyperplane (a; = 0) C C^, they can be considered as A-constellations. 
As F G &(r, a)o is the set of G-bricks corresponding to G-constellations 
supported on (a; = 0) C C^, Lemma 5.1 implies that the GIT chamber 
for G(r, a) is equal to a GIT chamber of A-constellations. 

Kqdzierski’s GIT chamber. We describe a set of simple roots A so 
that Yg is isomorphic to the economic resolution for 9 G C^(A). After 
considering the case of a = 1, we describe simple roots for the case of 
^(1, a,r — a) using a recursion process. 
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Root system Ar-i. Identify / := Irr(G) with 'L/r'L. Let {sj | i G /} be 
an orthonormal basis of Q*”, i.e. {ei,ej) = Sij. Define 

$ := {ei-ej\i,j e I,i^ j}. 

Let f)* be the subspace of generated by <h. Elements in $ are called 
roots. 

For each nonzero i E I, set cij = e* — ei^a- Let p* denote the irre¬ 
ducible representation of G of weight i. Note that each root a can be 
considered as the support of a submodule of a G-constellation. In other 
words, dj corresponds to the dimension vector of p*. In general we con¬ 
sider a root a = Yli “niOa as the dimension vector of the representation 
®niPi. Abusing notation, let a = denote the corresponding 

representation ©nip*. 

Let A be a set of simple roots. Dehne C(A) C 0 associated to A as 

C(A) := {0 e 0 I e{a) >0 Va G A}. 

Note that for the cone 0+ for G-Hilb in (4.3), the corresponding set of 
simple roots is 

A+ = {si - Ei-a G <h I i G /, i 7^ 0} = {a* I i G /, i 7^ 0}. 


The case of 7 ( 1 ,r — 1,1). From Theorem 4.1, we know that the eco¬ 
nomic resolution of A = C^/G is isomorphic to G-HilbC^ if G is of 
type 7 ( 1 , r — 1,1). Thus in this case, the G-bricks are just Nakamura’s 
G-graphs, which are ^-stable for 6 G 0+, where 

0+ := {6' G 0 I 6^ (p) > 0 for p 7 ^ po} . 

The corresponding set of simple roots is 

A = {si-Ei+i G $ G /,i ^ 0} 

= {^1 — £2, £2 — ^ G-i — £0} • 

Example 5.2. For the group of type |(1, 2,1), let {ej \j = 0,1, 2} be 
the standard basis of Q^. The corresponding set of simple roots is 

A^ = {ef -£2^2 -^o} • 

Similarly, for the group of type ^(1, 3,1) with | /c = 0,1, 2, 3} the 
standard basis of Q^, 

\R _ r R _ cR _ cR\ 

— Lfci fc2 ©2 ^3 ©3 ^0 J 

is the corresponding set of simple roots for type |(1, 3,1). 


0 
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The case of ^{1, a, r — a). Let G be the group of type ^(1, a, r — a). Let 
and denote the sets of simple roots for the types of ^( 1 , —r, r) 
and of —r), respectively. As in Section 5, let 

{ef I / = 0, 1 , • • •, a - 1 }, {ef I /c = 0, 1 , • • •, r - a - 1 } 


be the standard basis of Q“ and respectively. 

From the two sets and A^, we construct a set A of simple roots in 
Ar-i as follows. First, as in Section 5, let the standard basis {e* | i G /} 
of Q*” be identihed with the union of the two sets 

{ef I / = 0 , 1 ,..., a — 1 } and {e^ |/c = 0 ,l,...,r — a — l} 


using the following identihcation: 


(5.3) 


-R _ 


= Ei with i = I mod a 
= Ei with i = k mod {r — a) 


With the identihcation above, dehne A to be 


if r — a < i < r, 
if 0 < i < r — a. 


(5.4) 


A = A^ 


U - £[^jp-a)-a} U A 


R 


The root ' 


■ E I r-l 


l^Kr-a)-a 


is called the added root in A. Note that 


A is actually a set of simple roots in Ar-i. 


Definition 5.5. With A as above, the corresponding Weyl chamber 
C(r, a) ;= C(A) = e 0 | d(a) >0 Va G A} 
is called K^dzierski’s GIT chamber ioi G = ^{l,a,r — a). 

Proposition 5.6. Let (E{r,a) be K^dzierski’s GIT chamber. 

(i) The parameter in (4.14) is a ray of(t{r,a). 

(ii) Any G-brick in &{r, a) is 9-stable for 9 G £(r, a). 

(hi) The cone (L(r, a) is a full GIT chamber. 

Proof. We may assume a < r — a. First, by construction, ip is zero 
on the sets A^ and A^ with the identihcation (5.4). To prove (i), it 
remains to show that ip{cx) is positive where a is the added root in A. 
Since 

a = ~ CKj + Or-a, 

<f>2{Pi)=X0 

where xo is the trivial representation of G 2 , (i) follows. 

For 9 dehned by (4.15), every F G ©(r, a)o is 6 *-stable. For the 
group A of type ^(a,—a), Kronheimer [13] showed that the chamber 
structure of the GIT parameter space of A-constellations is the same 
as the Weyl chamber structure of A^-i^. Thus for ©(r, a)o considered 
as A-constellations, we have a Weyl chamber of the A^-i root system 
containing the parameter 9. 

By K^dzierski’s lemma, to prove (ii), it suffices to show that €{r,a) 
contains the parameter 9. Observe that every parameter in €{r, a) 

^For an explicit description, see Section 5.1 in [8] 
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satisfies the system of equations (4.13) for some G C(a, —r) and 
6 ^^^^ G C(r — a,r) by construction. Since ip in (4.14) is a ray of the 
chamber £(r, a), it follows that 6 G C(r, a). 

It remains to prove (iii). By considering G-constellations supported 
on the hyperplane (t = 0 ) C C^, it follows that any facet of C(r, a) is 
an actual GIT wall in 0. Therefore K^dzierski’s GIT chamber £(r, a) 
is a full GIT chamber in the stability parameter space 0 (see [8,9]). □ 

Proposition 5.7. Assume that a < r — a. Let 6 be an element in 
C{r,a). Then 9{ai) is negative if and only if 0 < i < a. Thus any 
9-stable G-constellation is generated by po, pi,..., pa-i- 


Proof. Let A be the set of simple roots corresponding to €{r, a). Recall 
that any positive sum of simple roots is positive on 9. 

Suppose that 0 < i < a. From the identihcation (5.3), note that Si 
is identihed with for some k and that Si-a = ei+(r-a) is identihed 
with ef for some /. Note that is identihed with a vector and 

that is identihed with a vector e^. Since we added the 

root Si U — £ I rizi I Cr-al-a Ui = Ei — Ei-a = E^ — e[ IS a 

negative sum of simple roots in A. 

Suppose that a < i < r — a. The root «* = £* — Ei-a is a sum of 
simple roots in A^. A recursive argument yields that is a positive 
sum of simple roots in A^. Thus is a positive sum of simple roots 
in A. 

Gonsider the case where r — a < i < r and the root ai = Ei — Ei-a- 
From the identihcation (5.3), Ei is identihed with Ejt for some k and Ei-a 
is identihed with ef for some 1. Thus ai = Ef — ef is a positive sum of 
simple roots in A with the same reason as the case where 0 < i < a. □ 


Example 5.8. Let G be the group of type y(l, 3, 4). From the fan of 
the economic resolution of this case (see Example 3.14), the left and 
right sides are the economic resolutions of singularities of 4(1, 2,1) and 
4(1, 3,1), respectively. By Example 5.2, we have two sets 

A^ = {^1 - 4> 4 - ^0 } and A^ = {ef - , e ^ - ef, e ^ - e ^}. 

As in the construction (5.4), the corresponding set of simple roots is 


A — {£4 — £5, £5 — g6; ^6 ~ ^1 ) gl ~ g2, £2 — gS, gS ~ go} 

= {q ;4 + fti, 0:5 + 0^2, — ai — Q5 — a 2 i on + <T2 + OiQ, 03}, 

where the underlined root is the added root as in (5.4). Thus the set 
of parameters 9 E Q satisfying 

9{p4 © pi) > 0, 6'(p5 ® P 2 ) > 0, 9(pi ® ps ® P 2 ) < 0, 

9{pi ® ps) > 0, 9{p2 ® pe) > 0, ^(Ps) > 0 


is K^dzierski’s GIT chamber €{r, a) where p* is the irreducible repre¬ 
sentation of G of weight i. 
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Figure 6.1. Toric fan of the economic resolution for j^(l, 7, 5) 

The rays of the chamber Cf(r, a) are the row vectors of the matrix 

/-I 0 OlOOOX 

-1 0 00001 

-1 0-10011 
- 1 - 1-10 111 
- 1-1 00110 
V-1 0 00100/ 

with the dual basis {9i} with respect to {pi}. Observe that for any 
9 G C(r, a), 9{pi) is negative if and only if 0 < i < 3. 0 


6. Example: type 

In this section, as a concrete example, we calculate Danilov G-bricks 
and the corresponding set of simple roots A for the group G of type 

4 ( 1 . 7 , 5 ). 
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Let G be the finite group of type ^^(1,7, 5) with eigencoordinates 
x,y,z and L the lattice L = + Z ■ ^(1,7,5). Let X denote the 

quotient variety C^/G and Y the economic resolution of X. The toric 
fan S of y is shown in Figure 6.1. 

To use the recursion process in Section 4, first we need to investigate 
the cases of type |(1,2,5) and of type |(1,2,3). Let G 2 be the group 
of type |(1, 2, 5) with eigencoordinates ^ 2 ,V 2 , C2 and G 3 be the group of 
type i(l,2, 3) with eigencoordinates Cs^hs^Cs- Consider the toric fans 
S2 and S3 of the economic resolutions for the type |(1,2,5) and the 
type |(1,2, 3), respectively. 

G-bricks. We now calculate G-bricks corresponding to the following 
two maximal cones in S: 

^4 = Cone (^(12, 0, 0), ^(3, 9, 3), ^(8, 8,4)), 

Ts = Cone (^(1, 7, 5), ^(3, 9, 3), ^(8, 8, 4)). 

The cones ts are on the right side of the lowest vector n = 7^ 5). 

Their corresponding cones in S3, respectively, are 

, , =Cone(i(5,0,0),i(l,2,3),i(l,l,4)), 

=Cone(i(0,0,5),i(l,2,3),i(l,l,4)). 

Observe that the cones are on the left side of S3. To use the 

recursion, let G32 be the group of type |(1,1,1) with eigencoordinates 
^32,h32;C32- Let S32 deuote the fan of the economic resolution of the 
quotient C^/G32. In S32, there exist two cones corresponding to 

(J4, Tg, respectively: 

< =Cone(i(2,0,0),i(0,2,0),i(l,l,l)), 
r" =Cone(i(0,0,2),i(0,2,0),i(l,l,l)). 





Figure 6.2. Recursion process for ^(1,7,5) 

As in Section 4.1, the G32-bricks F", Fg corresponding to 0-4, Tg are 

n = {1,(23}, 

U ={1.63}. 
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Using the left round down function ^32 for |(1, 2, 3) 

I a + 2b+3c I 

032:^3^3(3 ^ ( 32 h 32 ^ X32, 

we can see that the Ga-bricks corresponding to are 


n ='fe'(n') = {1. »)i. C3. |}. 

U =' fe'lu) = { 1 . ’(3, I?!, i:i, 

To get the G-bricks r4 and Ta corresponding to (T4 and Ta, respectively, 
we use the right round down function 03 for 7, 5): 



a+7b+5c 

12 


We get 
r4 
r3 


= Uy ( ri ) ={ 

=U3-'(U) ={ 


1 y ^ ^ ^ ^2 3 ^4 zf zf, 

(/, z’ z ’ z2’^’^ y 

1 ™ ™^2 EM. 11 y yl vl ^ - 

Jy ^ ^ 1 Jy (J •, 5 ^, , , 


1 



Let us consider the following two cones in S: 

ag = Cone (^(12, 0, 0), ^(9, 3, 9), ^(4,4, 8)), 

rr = Cone (^(2, 2,10), ^(9, 3, 9), ^(4,4, 8)). 

Observe that the cones ag, tj are on the left side of v. The cones in S2 
corresponding to ag, r-j are 


a; = Cone (i(12, 0, 0), i(5, 3,4), ^2, 4, 3)), 

r; = Cone(i(l,2,5),i(5,3,4),i(2,4,3)). 

Note that the cones a'g, rlj are on the right side of the fan S2 and that 
the right side is equal to the fan S3 of the economic resolution for 
|(1, 2, 3). Moreover, the cones in S3 corresponding to ag, Tj are a'^, r^, 
respectively, in (6.1). Thus the corresponding G23-bricks Tg, T" are: 

Fg = {1, V23, vis, C23, If}, 

F7 = (l, (23, (23^23, h 23 , vis }, 


where G23 denotes the group of type |(1,2, 3) with eigencoordinates 
(23, V 23 , (23- Using the right round down function 023 for |(1, 2, 5) 

I a + 2b+5c I 

023 : (2^2(2 ^ (23^23(23 ^ > 


we can calculate the G2-bricks corresponding to <70 r0 

Tg 003^(F9) = |l, r/2, vi, C2, Ci, f , f }, 

r'7 = 003^(F") = |l, 6, 6h2, 6C2, h2, hi, C2, Ci}- 
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Lastly, from the left round down function 02 for ^^(1, 7, 5) 

I a+7b+5c I 

^ CA " C2. 


it follows that the G-bricks rgjLy corresponding to are: 


79 = 
77 = 


1, y, l/^ l/^ 7, ^ 


1 , T, xy, xy^, xy^, xz, y, y^, y^, y*, |/^ ^ 


For 0 < f < 12, let Vi denote the lattice point j7(7i,f, 12 — i) in L. 
For each 3-dimensional cone a in Figure 6.1 on page 32, Table 6.1 on 
page 36 shows the corresponding G-brick Fo-. 


K^dzierski’s GIT chamber. We calculate K^dzierski’s GIT chamber 
for 7^ 50 Since the economic resolution is G-Hilb for the group of 
type ^(1,?" — 1,1), the sets of simple roots for i(l, 1,1) and 1(1,2,1) 
are {ei — £0}, {^1 —£ 2 , £2 — ^o}, respectively. By the identihcation (5.3), 
the set of simple roots for |(1, 2, 3) is 

{£3 — £4, £4 — £i i £1 — £21 £2 — ^o}, 


where the underlined root is the added root as in (5.4). Similarly, the 
admissible set of simple roots for ^(1, 2, 5) is 

{^5 ~ ^ 6 , £% ~ ^ 3 , £■4 —£41 £4~£1 i £4 —£21 ^2 ~ ^ o }- 

Thus the corresponding set of simple roots for ^(1, 7, 5) is 

\ £5 — £6 , Eq — Eio, £10 — £11, £11—£ 8 , £8 — £9, ^9 ~ ^ 7 , 1 
\ £7 — £3 , ^3 ~ £4, £4 — £1, £1 — £2, £2 — £0 J 

With the dual basis {6*j} with respect to {pi}, the row vectors of the 
following matrix are the rays of the admissible Weyl chamber Cf(r, a): 


/ 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 


-1 

0 

-1 

0 

0 

0 

0 

1 

0 

1 

0 

0 

-1 

-1 

-1 

0 

0 

0 

0 

1 

1 

1 

0 

0 

-1 

-1 

-1 

0 

-1 

0 

0 

1 

1 

1 

0 

1 

-1 

-1 

-1 

-1 

-1 

0 

0 

1 

1 

1 

1 

1 

-1 

-1 

0 

-1 

-1 

0 

0 

0 

1 

1 

1 

1 

-1 

-1 

0 

-1 

0 

0 

0 

0 

1 

0 

1 

1 

-1 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

-1 

-1 

0 

0 

0 

0 

1 

0 

0 

0 

1 

0 

-1 

-1 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

V -1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 / 
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Cone 

Generators 

G-brick Fg- 

Coordinates 
on U„ 

CTl 

Cl, 62 , 7ii 

1 ^^2 3 ^4 5 ^6 ^7 ^8 ^9 ^10 ^11 

^ ^ ^ ^ ^ ^ 

X y ^12 

z® ’ zll ’ ^ 

(72 

Cl, UlO, 7ii 

1 ^ ^2 3 ^4 5 ^6 ^7 ^8 ^9 

X y‘^ 2 ^^ 

25 J ^10 J y 

7-3 

61 , 79 , 7io 

1 y^ y^ y^ ^ ^2 3 ^4 

^ ’ 2 ’ 2 ’ 2:^ ’ 2 :^ ’ ^ ^ ^ ^ 

xz® y® z®® 
y2 •) z^ ’’ y^ 

0-4 

ei,78,79 

1 y y^ y^ ^ ^2 3 ^4 z® 

■^’7’ z’ z ’ z2’^’^ ’ ?/ ’ 1 / ’ y 

xy y‘^ z^ 

2 ^ ’ 28 ’ ^3 

7-5 

ei,77,78 

y y^ y® y® y^ y"^ y"' ^ ^2 

^ ’ 2 ’ 2 ’ 2^ ’ 2^ ’ 2^ ’ 2^ ’ 2"^ ’ 2^ ’ ^ ^ 

3 : 2 ^ y^ z^ 

y^ 1 z'^ '' y^ 

0-6 

61,76,77 

1 u ;z ;z2 2 ® 2 ® z® z® 

-*- ? y ? ^ ^ ^ ? y 1 y2 1 y2 1 y2 1 yZ 1 yZ I yA 

0(^1 
xy y^ 2 ' 

— , ^, p- 

0-7 

61 , 75 , 76 

1 V z z'^ 

xy^ y^ 2 ® 

^3 ’ 2 ^ ’ y 6 

7-8 

61 , 74 , 75 


X 2 ^ y3 2:3 

y3 7 2;4 7 y7 

o-g 

61 , 73,74 

1 2 3 4 5 2 2 ^ 2 ^ 2 ^ 2 ^ 

1 , v, V , V , Z, z , —, %, %, % 

xy^ y^ 2 ^ 

22 7 23’ yS 

(7lO 

61 , 72,73 

l,l/,l/^l/^l/^l/^l/^^,^,^,^,;^ 

xz y®® z® 
y® ’ z 2 ’ y® 

(7ll 

61 , 71,72 

1 , y, l/^ l/^ y^, l/^ 1 /®, f , f: 7 

^^4 yll ^2 

2 ’ 2 ^ ’ ylO 

(712 

61 , 63 , 7i 

1 , 1 /, y^, l/^ y®, y®, y\ y®, l/^ 1 /^®, 

- 2 - 7,12 ^ 

^7 ? y ? yii 

Tl 

62 , 79 , 7ii 

1 93422 234 

J. <j JU ^ JU A/ ^ JU A/ ^ JU A^ ^ JU A^ ^ JU ^ JU /J /J /J ^ 

^3 y 2 ^ 

2 ^ ’ X ^2 ’ tC 

72 

79 , 7io, 7ii 

-1 2233441; 

1 /y» 'T*'T* 'y'^ rY>'y'~’ 'T*'? / ^ 

X ^ vt^ 5 A^ •) A^^ 5 ^ A^ '! A^ '! ^ ^ ^ Z 

X^2 2^ 

^ ’ a ;23 ’ x 

73 

77,78,79 

1 ^ ^^2 y ^ ^2 

X,X,X^, ’”’ 2 ’ 2 ’ 22 ’^’^ 

x^z y^ 2 ^ 

^ ’ 0 : 2 “^ ’ 

74 

62 , 77,79 

1 234 2234 2 

1 /y» /y*-" /y»'-' /y»^ 'T* /y*-^ /y»'-' /y»^ y'^ 

J. ^ JU ^ JU ^ vt^ ^ vt^ ^ vt^ ^ vt^ ^ vt^ ^ JU A,- ^ JU /J /J ^ 7J 

x3 y z^ 

2 ’ X ^2 ’ X^ 

75 

74,76,77 

-1 2 T2^ 2 2 9 2^ 

1, x, xi/, xz\ —, xC y, 2 ;^ - 

x^y y^ z^ 

z2 5 a;2 ? J>y 

76 

74,75,76 

1 , x, xy, xz, xz^, y, y^, l/^ 2 ; 2 , ^ 

x^ y® z® 

y2 , 3 . 2;2 , j,y2 

7? 

72 , 73,74 

1, X, xy, xy‘^, xy^, xz, y, y^, l/^ l/^ ^ 

a:^ 2 ^ 

’ X 2 ’ xy^ 

78 

72 , 74,77 

1, x, xi/, xz, x"^, x^y, x^, x^y, x‘^, x^y, y, z 

X® y® z® 
z ’’ x^i x®y 

79 

63,71,72 

1, X, xy, xy^, xy^, xy^, y, y‘^, y^, y‘^, y^, y^ 


7lO 

63 , 72,77 

1, X, xy, x"^, x'^y, x^, x^y, x‘^, x'^y, x^, x^, y 

2 

y '’ x"^ '’ x^ 

7o 

62 , 63 , 77 

1 ^ oc ^ cc ^ cc ^ cc ^ cc ^ cc ^ cc ^ cc ^ cc ^ cc ^ cc 

12 


Table 6.1. G-bricks for G = -^{1,7,5) 
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